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We study collective states in metallic clusters within the second random phase approximation �RPA� includ-
ing all kinds of couplings among all one particle–one hole and two particle–two hole configurations. The
calculations are done in the jellium approximation. The coupling of one particle–one hole configurations with
the two particle–two hole ones strongly pushes down the multipole strength distribution, especially for the
dipole case, with respect to RPA. The inclusion of the coupling of the two particle–two hole configurations
among themselves enhances this behavior also for the collective states whose description within RPA is widely
accepted as satisfactory. Some possible origins of these unpleasant results are discussed. In particular, the need
for a better treatment of short-range correlations is underlined.
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I. INTRODUCTION

The random phase approximation �RPA� �Refs. 1 and 2� is
widely used as a suitable microscopic theory to study collec-
tive modes which can be interpreted in terms of vibrations.
In nuclei such vibrations, both low-lying and high-lying �gi-
ant resonances �GR��, have been known for a long time.3

Metallic clusters show the dipole plasmon resonance4,5

which is the analog of the nuclear dipole GR and is inter-
preted as due to the collective vibration of the electrons
against the positive ions. In both systems, RPA is able to
describe the basic properties of these vibrations. However,
some limitations are well known. On one hand, RPA predicts
a perfectly harmonic spectrum with regularly spaced mul-
tiphonon states. Anharmonicities are a well-established phe-
nomenon in nuclei, both experimentally and
theoretically.3,6–11 In metallic clusters no experimental evi-
dence has been found until now for the existence of states
corresponding to the double excitation of the dipole plasmon.
Theoretically such states have been predicted at energies de-
viating by about 10% from the double of the plasmon
energy.12,13 Another limitation is that the quasiboson approxi-
mation �QBA� is used in deriving the equations of motion of
RPA and this introduces a clear loss of self-consistency and
violations of the Pauli principle.

A natural extension of RPA is the so-called second RPA
�SRPA� �Refs. 14 and 15� where two particle–two hole �2p
−2h� excitations, in addition to the one particle–one hole
�1p−1h� ones, are introduced. The derivation of SRPA is
also based on QBA and it has been argued16–18 that in this
case its use is even more problematic than in RPA. This point
has been recently analyzed in Ref. 19 where an approach to
go beyond QBA was presented and applied to a three-level
Lipkin model. However, such analysis is limited by the fact
that the model is very schematic and contains several param-
eters. In particular, the relative strengths of the terms of the
interaction describing the coupling V11 among 1p−1h con-
figurations, as well as V12 and V22, where 2 indicates the
2p−2h configurations, are completely arbitrary. Therefore,
one somehow fixes such relative strengths and studies the

evolution of the results as a function of an overall interaction
strength. By doing so, however, it remains open the question
of how much the quality of the agreement with exact results
depends on the chosen relative weights.

The aim of the present paper is to analyze merits and
limitations of SRPA for the study of the vibrational spectrum
of a realistic many-body system. As a test laboratory we have
chosen the case of metallic clusters, within the uniform jel-
lium approximation4,20 with bare Coulomb interaction both
for the electrons with the jellium and for the electrons among
themselves.21 The reason for choosing such an admittedly
simplified model is that it contains many characteristics of a
generic realistic many-body system and the interaction does
not contain any adjustable parameter.

We make use of the complete SRPA scheme, including all
kinds of coupling within the 1p−1h and 2p−2h configura-
tions, as they come out from the underlying two-body inter-
action. To our knowledge, this has never been done before
since current versions of SRPA are based on noninteracting
2p−2h configurations and only interactions between 2p
−2h and 1p−1h have been explicitly taken into account.
Indeed, having in mind to use SRPA as a tool for studying
the spreading width of the RPA �“one-phonon”� collective
states, in the calculations done until now the coupling of the
2p−2h configurations among themselves has been com-
pletely neglected.22 As we will see, this approximation does
not account fully for the energy shifts of the one-phonon
states. In addition to that, of course the study of the spectrum
corresponding to double excitations �“two-phonon” states�
necessarily requires to take into account those neglected cou-
plings.

In the considered cases, we find a very large shift down of
the RPA energies when the 2p−2h configurations are in-
cluded within SRPA. A similar feature has been found also in
nuclei.22

More general approaches than RPA and SRPA are the so-
called time dependent density matrix �TDDM� and second
TDDM �STDDM� theories. They have been recently dis-
cussed in several works by Tohyama and co-workers.23–27

They are based on a systematic truncation of the hierarchy of
the equations of motion for the one-body and two-body den-
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sity matrix. The equations one gets in such a way are more
general than the RPA and SRPA ones, the main difference
being that many more configurations than 2p−2h and 1p
−1h appear. Indeed, when the correlated ground state is used,
rather than the uncorrelated Hartree-Fock �HF� one, configu-
rations of the type pp� and hh� can be build up, in addition to
the ph and hp ones considered in RPA. Such an extension of
the configuration space has been considered also in Ref. 28
within a three-level Lipkin model. Similarly, many more
configurations than in SRPA appear in STDDM. However,
the solution of these more general equations would require a
tremendous numerical effort if one wants to study a realistic
many-body system with a single-particle basis large enough
to preserve with a good accuracy, of the order of 1% or less,
the energy weighted sum rules. On the other hand, it is cer-
tainly instructive to study the limitations of the complete
standard SRPA.

The paper is organized as follows. In Sec. II the SRPA
framework is presented and its main properties are discussed.
In Sec. III we apply it to the study of the excitation spectrum
of Na metallic clusters and a comparison with RPA results is
carried out. Finally, in Sec. IV, we draw the main conclu-
sions.

II. FORMALISM

In this section we briefly derive the SRPA equations by
following the equations of motion method.1,2 Let �0� be the
ground state of the system and ��� its excited states whose
energies are E0 and E�, respectively. Let us now introduce
the operators Q�

† in such a way that

Q�
†�0� = ��� , �1�

Q��0� = 0. �2�

It can be shown2 that the following equations hold for an
arbitrary operator �Q:

�0���Q,�H,Q�
†���0� = ���0���Q,Q�

†��0� , �3�

where ��=E�−E0 are the excitation energies.
Let �HF� be the HF ground state of the system where the

hole states below the Fermi energy are filled and the particle
states above are empty. In the following, we use the indices
m, n, p, q and i, j, k, l to indicate, respectively, particle and
hole states. In the RPA scheme the Q�

† operators are assumed
to be a linear superposition of one particle-hole �1p−1h�
operators, that is,

Q�
† = �

pi

Xpi
� ap

†ai − �
pi

Ypi
� ai

†ap, �4�

where for notation simplicity, the coupling to total quantum
numbers is not indicated. By inserting the above expression
in Eq. �3� with �Q� 	ap

†ai ,ai
†ap
 we obtain

� A B

− B� − A� ��X�

Y� � = ���X�

Y� � , �5�

where the RPA matrices are

Api,qj = �HF��ai
†ap,�H,aq

†aj���HF� , �6�

Bpi,qj = − �HF��ai
†ap,�H,aj

†aq���HF� . �7�

We stress that the exact ground state �0� has been replaced by
the HF ground state �HF� in the expressions of the RPA
matrices �6� and �7�. This replacement, also known as QBA,
introduces a visible inconsistency since, on one hand, the
definition of the ground state �0� as the vacuum of the Q
operators is used to derive the formal equations of the mo-
tion �3�, while, on the other hand, �HF� is used instead in
calculating the expectation values appearing in those equa-
tions. Furthermore, the QBA introduces a violation of the
Pauli principle since some terms of the double commutators
appearing in the equations of motion are missing.

In the SRPA framework, the Q�
† operators have a more

general expression, containing also 2p−2h terms,

Q�
† = �

pi

�Xpi
� ap

†ai − Ypi
� ai

†ap�

+ �
p�m,i�j

�Xpimj
� ap

†aiam
† aj − Ypimj

� ai
†apaj

†am� . �8�

In this case we obtain that the X’s and Y’s are solutions of
the equations

� A B
− B� − A���X�

Y� � = ���X�

Y� � , �9�

where

A = � Ami,pk Ami,pqkl

Apqkl,mi Amnij,pqkl
� ,

B = � Bmi,pk Bmi,pqkl

Bpqkl,mi Bmnij,pqkl
� ,

and

X� = � Xmi
�

Xmnij
� �, Y� = � Ymi

�

Ymnij
� � .

The elements Ami,pk and Bmi,pk of A and B are equal to those
defined in Eqs. �6� and �7� while the others are

Ami,pqkl = �HF��ai
†am,�H,ap

†aq
†alak���HF� , �10�

Apqkl,mi = Ami,pqkl
� , �11�

Amnij,pqkl = �HF��ai
†aj

†anam,�H,ap
†aq

†alak���HF� , �12�

Bmi,pqkl = − �HF��ai
†am,�H,ak

†al
†aqap���HF� , �13�

Bpqkl,mi = Bmi,pqkl
� , �14�

Bmnij,pqkl = − �HF��ai
†aj

†anam,�H,ak
†al

†aqap���HF� . �15�

Therefore, in SRPA, the QBA is still used. As a consequence
of the use of the �HF� state in the evaluation of the SRPA
matrices we obtain, in particular,14,15
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Bmi,pqkl = Bpqkl,mi = Bmnij,pqkl = 0. �16�

The matrix �10� describes the coupling of 1p−1h states to
2p−2h states, while matrix �12� takes into account the cou-
pling between 2p−2h states themselves. The dimension of
these matrices, especially of the latter, can be very large. If
we neglect the residual interaction among the 2p−2h states,
matrix �12� acquires a simple form,

Amnij,pqkl = U�ij�U�mn��ik� jl�mp�nq��m + �n − �i − � j� ,

�17�

where U�ij� is the antisymmetrizer for the indices i, j and the
� quantities are the HF single-particle energies. In this case,
the SRPA problem can be reduced to an RPA eigenvalue
problem �5� �whose dimensions are determined by the 1p
−1h space�, but where matrix �6� depends now on the exci-
tation energies � �Ref. 15�.

Let us now recall that, if �0� and ��� are a complete set of
exact eigenstates of the Hamiltonian, with eigenvalues E0
and E�, the following identity, the so-called energy weighted
sum rule �EWSR�, holds:

�
�

������F�0��2 =
1

2
�0��F,�H,F���0� , �18�

where ��=E�−E0. The above equality is in general violated
to some extent when �0�, ��� and �� are calculated with some
approximation. To which extent it is satisfied is a measure of
the adequacy of the approximation. We note that the right-
hand side is a quantity which depends only on the ground-
state properties.

The transition amplitudes ���F�0� induced by a one-body
operator

F = �
�,�

���F���a�
†a� �19�

between the ground state �0� and excited states ��� are

���F�0� = �0��Q�,F��0� , �20�

where definition �1� and the vacuum property �2� have been
used. The above expression is general and it is valid inde-
pendently of the explicit form of the Q operators. In RPA and
in SRPA, the above quantity can be calculated by using again
the QBA:

�0��Q�,F��0� 
 �HF��Q�,F��HF�

= �
ph

	Xph
���p�F�h� + Yph

���h�F�p�
 . �21�

Thus, the use of the QBA has two important conse-
quences. For what concerns the transition operator, we ob-
serve that only its p−h components are selected. Further-
more, we note that, also in the case of the SRPA, only the
1p−1h amplitudes appear in the above equation.

A very important feature of RPA and SRPA, known as
Thouless theorem,29 can be described as follows. When the
left-hand side of Eq. �18� is evaluated by using the energies
and the X and Y amplitudes of RPA �SRPA�, one finds the

same result as when the right-hand side of the same equation
is calculated by replacing the exact ground �0� with the �HF�
state. Thus, the first moment

m1 = �
�

������F�0��2 �22�

is the same in RPA and SRPA.15,30

Finally we recall that, if F is a multipole operator rLYL0
and the Hamiltonian contains a kinetic energy term plus a
local two-body interaction, the right-hand side of Eq. �18� is2

1

2
�0��F,�H,F���0� =

�2

2m

L�2L + 1�
4	

N�0�r2L−2�0� , �23�

N being the number of particles and

�0�r2L−2�0� =
1

N
�
�,�


��,��� r2L−2���r���
��r�r2dr , �24�

where � and � stand for any single-particle states with wave
functions ���r� and ���r�. Of course, when the ground state
is described by the HF one, Eq. �24� becomes

�HF�r2L−2�HF� =
1

N
�

h
� r2L−2��h�r��2r2dr . �25�

III. RESULTS

In the present paper we remain at the standard SRPA level
of approximation but we exploit all its potentiality by per-
forming full calculations, including all kinds of couplings
among all configurations, for a realistic many-body system.
In order to analyze merits and limitations of SRPA, we have
chosen to apply it to the study of metallic clusters within the
jellium approximation. The reason for this choice is that the
interaction of the electrons among themselves and with the
ionic background is completely fixed as the bare Coulomb
interaction and the model does not contain any adjustable
parameter. This allows to compare in a clear way different
degrees of approximation.

The Hamiltonian of the system is

H = �
i

hi + �
i�j

vij , �26�

with

hi = −
�2

2m
�i

2 + V�ri�, vij =
e2

4	

1

�r�i − r� j�
, �27�

and

V�r� =
Ne2

4	
��1/2rc��r2/rc

2 − 3� for r � rc

− 1/r for r 
 rc,
� �28�

where rc is the radius of the jellium sphere, i.e., rc=rsN
1/3, rs

being the Wigner-Seitz radius and N the number of ions.
As a first step, we have fixed, by solving the HF equa-

tions, the single-particle basis in which all the subsequent
calculations are carried out. The single-particle wave func-
tions have been represented as linear superposition of har-
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monic oscillator ones, with principal quantum number rang-
ing from n=0 to n=35 for each orbital angular momentum l.
After that, we have solved the RPA and SRPA equations for
natural parity states, with multipolarities ranging from L=0
to L=3. The single-particle space has been truncated so that
the Thouless theorem, and thus the preservation of EWSR, is
satisfied in the RPA calculations better than 1% for all the
multipolarities. We focus our attention only on spin S=0
states. However we remark that, for what concerns the SRPA
calculations, all the 1p−1h states with L=0–3, both spin S
=0 and 1, are considered in the construction of the 2p−2h
configurations with good total spin and angular momentum.

In the following we show the results for two sodium clus-
ters, namely, the Na9

+ and Na21
+ . In the latter case an energy

cutoff Ecut has been used and only the 2p−2h configurations
with unperturbed energy lower than Ecut=15 eV are in-
cluded. In order to check whether the single-particle spaces
used in the two calculations are large enough to give stable
results we show in Tables I and II the values of the right-
hand side �rhs� of Eq. �18� calculated in the HF state and,
correspondingly, the left-hand side �lhs� calculated in RPA
and SRPA for the multipole operator,

F�L��r� = rLYL0. �29�

In Table I, for the Na9
+ case, we see that the EWSR is

satisfied better than 1% for all the multipolarities. As ex-
pected, the values of lhs calculated in RPA and SRPA are the
same, since, as mentioned above, the first moment �22� is the

TABLE I. The values of the rhs of Eq. �18�, in units of Å2L eV,
calculated in the HF state and, correspondingly, the lhs calculated in
RPA and SRPA in the case of Na9

+ for the different multipolarities L.
Results refer to the multipole operator �29�.

rhs lhs in RPA lhs in SRPA

L=0 0.11541�103 0.11558�103 0.11558�103

L=1 0.21901�102 0.21909�102 0.21909�102

L=2 0.14426�104 0.14446�104 0.14446�104

L=3 0.70494�105 0.70414�105 0.70414�105

TABLE II. As in Table I but for Na21
+ metallic cluster. The SRPA

calculations have been carried out by including all the 2p−2h con-
figurations with unperturbed energy lower than Ecut=15 eV.

rhs lhs in RPA lhs in SRPA

L=0 0.51514�103 0.51459�103 0.51033�103

L=1 0.54755�102 0.54733�102 0.54167�102

L=2 0.64392�104 0.64299�104 0.64193�104

L=3 0.52823�106 0.52478�106 0.52285�106
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FIG. 1. �Color online� Natural parity L=0,1 �upper panel� and L=2,3 �lower panel� spin=0 multipole strength distributions for Na9
+

metallic cluster are shown. Solid �red� lines refer to SRPA results, while the dashed �black� ones refer to RPA calculations. SRPA-A22D
dotted �blue� lines show the SRPA results when the approximation �17� is used. The arrow roughly indicates the positions of the experimental
dipole plasmon peak.
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same in both the approximations. Similar results are found in
the Na21

+ case shown in Table II. In this case, since an energy
cutoff Ecut for the 2p−2h configurations has been used, the
values of lhs calculated in RPA and SRPA are slightly differ-
ent. However, in the worst case, namely for L=1, the dis-
crepancy is of the order of 1% and therefore we can conclude
that the truncated 2p−2h space is large enough.

In Fig. 1 we plot the strength distributions for the multi-
pole operator F�L� �Eq. �29�� for the Na9

+ metallic cluster. In
order to make clearer the comparison, the discrete lines of
RPA and SRPA spectra are folded with a Lorentzian function.
In both cases an artificial width �=0.1 eV has been used. In
the upper and lower panel of Fig. 1, we show, respectively,
the L=0,1 and L=2,3 multipole strength distributions with
spin S=0 for Na9

+ metallic cluster. Solid �red� lines refer to
SRPA results, while the dashed �black� ones refer to those
obtained within RPA. With the dotted �blue� lines we indi-
cate the SRPA results when the diagonal approximation �17�
is used. In the following figures we use the label “SRPA-
A22D” for the results obtained when this diagonal approxi-
mation is used.

We see that going from RPA to SRPA the strength distri-
butions are shifted to lower energies, especially in the dipole
case. The results shown in Fig. 1 refer to the lower part of
the excitation spectrum, which is mainly composed by 1p
−1h configurations. However, even for such states the inclu-
sion of the coupling among 2p−2h configurations leads to a
further shift down. Let us look in some detail to the collec-
tive dipole S=0 state, which in RPA is located at 2.98 eV,
and that experimentally is found at about 2.60 eV �Ref. 31�.
Within the approximated SRPA, that is when only the cou-
pling of 1p−1h to 2p−2h configurations is taken into ac-
count, the energy moves to 1.88 eV, while in the full SRPA
one gets 1.47 eV. Furthermore the fraction of EWSR ex-
hausted by this state goes from 88% to 25%. This effect is
caused from one hand by the energy shift and, on the other
hand, is connected to the reduction in the transition probabil-
ity �i.e., the square modulus of Eq. �20�� that goes from the
RPA value of 6.48 Å2 to 3.74 Å2 in SRPA.

It is also instructive to look into the structure of the wave
functions in the two cases. Remembering the SRPA normal-
ization condition,

�
pi

��Xpi
� �2 − �Ypi

� �2� + �
p�m,i�j

��Xpimj
� �2 − �Ypimj

� �2�

= N�1� + N�2� = 1, �30�

we have calculated the N�1� and N�2� quantities, which give
an indication of the 1p−1h and 2p−2h content in the state.
For the collective plasmon state, N�2� turns out to be 8%
within the approximate SRPA and it goes up to 16% in the
full calculation. Thus we see that, the parts of the residual
interaction coupling the 2p−2h configurations among them-
selves strongly affect both the energy and the wave function,
even for a state whose nature is mainly of 1p−1h character.

In all the cases, the SRPA strength distributions are shifted
to lower energies with respect to the RPA ones, and, at the
same time, the height of the main peaks is reduced. However,
as discussed in Sec. II, the first moment m1 �Eq. �22�� is the

same in RPA and SRPA �see Table I�. In fact, although the
high-lying SRPA states have a small probability to be excited
by the transition operator �having them a strong 2p−2h na-
ture�, their overall contribution to m1 is quite big. For ex-
ample, in the dipole case, the states lying above 10 eV ex-
haust 40% of m1. In order to make clearer this effect, we plot
in Fig. 2 the same dipole strength distribution shown in Fig.
1, but using a logarithmic ordinate scale and a wider range
for the excitation energy in abscissa. In the same figure we
see that, as expected, the coupling of 2p−2h configurations
among themselves strongly modifies the strength distribution
in the higher part of the excitation spectrum.

As shown in Fig. 3, qualitatively similar results have been
found for Na21

+ . Also in this case we have a strong shift
down, especially for the dipole excitations, the plasmon en-
ergy being lowered from the RPA value of 2.90 eV to the full
SRPA result of 1.00 eV very far from the experimental peak
at about 2.65 eV.31 Again, very striking is the fact that the
fraction of EWSR exhausted by this state goes from 79% to
10%, while the total m1, Eq. �22�, is quite the same of the
RPA value �see Table II�. In Fig. 4, where we show the
evolution of the SRPA strength increasing the energy cutoff
Ecut for the 2p−2h configurations in the dipole case, we see
that a good convergence has been reached. Similar results
have been obtained for the other multipolarities.

In order to have a deeper insight on these results, we have
considered the limiting case of a highly positively ionized Na
cluster. Of course, such a cluster cannot exist because of the
strong repulsion among the ions. What makes it very inter-
esting from the theoretical point of view is that the intense
attraction makes the electrons very well confined in the most
interior part of the jellium, r�rc �see Eq. �28��, and their
interaction with the positive background behaves as a har-
monic oscillator well,

V�r� = const +
1

2
me��Mier�2, �31�

where me is the electron mass and �Mie is the Mie frequency.
Thus, in this limiting case, the center of mass motion of the
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FIG. 2. �Color online� Spin=0 dipole strength for Na9
+ metallic

cluster. Solid �red� lines refer to SRPA results, while the dashed
�black� ones refer to RPA calculations. SRPA-A22D dotted �blue�
line shows the SRPA results when the approximation �17� is used.
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electrons separates exactly and the dipole response is a single
line, at an energy ��Mie=3.4 eV for Na clusters, having
100% EWSR. These expectations are very well confirmed
within RPA.32 We have checked again numerically this for
the case of the eightfold positive ionized Na16

8+ cluster and
have found the dipole strength being strongly concentrated
�99.93% of the EWSR� at E=3.38 eV. This very nice pic-
ture is completely spoiled when we go to SRPA: the main
peak is moved down to 1.50 eV and it exhausts only the 70%
of the EWSR. Therefore we can conclude that SRPA is not
doing a good job and its results are definitely worse than
RPA. This problem would not arise if one takes into account
the complete space of all kinds of configurations of the
STDDM approach.23 This is however well beyond the scopes

of the present paper and it should require to handle matrices
of very large dimensions. As mentioned above, in our calcu-
lations the bare Coulomb interaction between the electrons
and the jellium as well as among the electrons is used. Al-
though we are aware that more realistic approaches should
be used33,34 in order to describe properly possible screening
effects, a qualitative idea on how much the difficulties of
SRPA are due to the use of the bare interaction can be ob-
tained by using a Yukawa-type interaction

V0
e−�r

r
, �32�

with V0 fixed, for each �, in such a way that

TABLE III. The sum of the squares of the Yph
� amplitudes in the

case of Na9
+ and for different multipolarities, in RPA �first column�,

in SRPA �third column�, and in SRPA when the diagonal approxi-
mation �17� is used �second column�.

�ph,��Yph
� �2

RPA SRPA-A22D SRPA �full�

L=0, S=0 0.0458 0.0512 0.0532

L=1, S=0 0.1601 0.2962 0.4170

L=2, S=0 0.0256 0.0316 0.0347

L=3, S=0 0.0198 0.0282 0.0388

TABLE IV. The largest �Yph
� �2 for the case of Na9

+, in RPA �first
column�, in SRPA �third column�, and in SRPA when the diagonal
approximation �17� is used �second column�.

Largest �Yph
� �2

RPA SRPA-A22D SRPA �full�

L=0, S=0 0.0026 0.0031 0.0039

L=1, S=0 0.0978 0.1429 0.1836

L=2, S=0 0.0033 0.0042 0.0042

L=3, S=0 0.0129 0.0203 0.0298
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+ metallic cluster.
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e2�
0

rc

r21

r
dr = e2V0�

0

rc

r2e−�r

r
dr . �33�

However, the comparison between RPA and SRPA results is
qualitatively the same as with the bare Coulomb interaction.
On the other hand, also in the nuclear22 case one finds that
the SRPA excitation spectrum is very much different from
the RPA one, even for excitations like the giant resonances
whose description within RPA is widely accepted as satisfac-
tory. Probably in all cases, the problems arise from the fact
that the self-energy-like terms present in SRPA take contri-
butions from very high energy “incoherent” particle-hole
configurations. Indeed, such disturbing features do not ap-
pear when the extension of RPA is made by coupling
particle-hole configurations with collective phonons.35–37 In
addition to that, we stress again that the derivation of the
SRPA equations of motion is based on QBA and this might
be more doubtful than in RPA. Indeed, a better treatment of
ground-state correlations has been found to improve the re-
sults, within a three-level Lipkin model.19 As discussed
above, in order to derive the equations of motion, both in
RPA and SRPA, use is made of the QBA. However, the re-
placement of the correlated ground state with the HF one is
justified only if ground-state correlations are not too strong.
In RPA the Yph

� amplitudes are a measure of these
correlations2 and thus, looking at their behavior going from
RPA to SRPA could be useful in order to have more infor-
mation about the adequacy of QBA. In Table III we report, in
the case of Na9

+ and for different multipolarities, the sum of
the squares of the Yph

� amplitudes in RPA �first column�, in
SRPA �third column�, and in SRPA when the diagonal ap-
proximation �17� is used �second column�. We see that going
from RPA to SRPA an increase of these quantities is ob-
served and the inclusion of the residual interaction coupling
the 2p−2h configurations among themselves amplifies this
effect. The same behavior is found for the largest �Yph

� �2

shown in Table IV and it is especially strong, as for the shift
of the strength distribution, in the dipole case. A similar
analysis has been done in the case of Na21

+ ; see Tables V and
VI, where even larger enhancements of the Yph

� are indeed
observed.

Although both in RPA and SRPA the �HF� state is used in
evaluating the matrices appearing in the equations of motion,
in RPA, the form of the ground state, defined as the vacuum
of the Q operators, can be explicitly obtained2 within the
quasiboson approximation. It has the form

�RPA� � eẐ�HF� , �34�

with

Ẑ =
1

2 �
p1h1p2h2

Zp1h1p2h2
ap1

† ah1
ap2

† ah2
, �35�

where the Z matrix satisfies the following relation:

Z = Y�X�−1
. �36�

The RPA occupation numbers can be calculated by using, for
example, the number operator method38 and one gets

nh = 1 −
1

2�
p,�

�Yph
� �2, �37�

and

np =
1

2�
h,�

�Yph
� �2. �38�

We remark that the above expressions for the occupation
numbers differ from those obtained by making use of the
QBA by the factor 1

2 . The same result was obtained in Ref.
39. To our knowledge, the explicit form of the correlated
SRPA ground state has not been obtained, as well as an ex-
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FIG. 4. �Color online� Dipole SRPA strength as a function of the
energy cutoff Ecut, ranging from 13 eV to 15 eV, for the 2p−2h
configurations.

TABLE V. As in Table III but for the Na21
+ case.

�ph,��Yph
� �2

RPA SRPA-A22D SRPA �full�

L=0, S=0 0.1031 0.1100 0.0926

L=1, S=0 0.3325 0.9465 1.3200

L=2, S=0 0.0879 0.1082 0.1112

L=3, S=0 0.0866 0.1080 0.1606

TABLE VI. As in Table IV but for the Na21
+ case.

Largest �Yph
� �2

RPA SRPA-A22D SRPA �full�

L=0, S=0 0.0026 0.0036 0.0031

L=1, S=0 0.1388 0.5423 0.6861

L=2, S=0 0.0059 0.0106 0.0067

L=3, S=0 0.0199 0.0263 0.0452
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pression for the SRPA occupation numbers. Nevertheless, it
could be instructive to compare the values of quantities �37�
and �38� when the Yph

� obtained in RPA and SRPA are used.
In this sense we will refer in the following to SRPA occupa-
tion numbers.

In Fig. 5 we show, in the case of the Na21
+ metallic cluster,

the occupation numbers np for particle states and the oppo-
site of the depletion numbers nh−1 for hole states obtained
in SRPA and in RPA, in the lower and upper panel, respec-
tively. All states with L=0–3 and spin S=0 are used in the
calculation of these quantities. We note that the deviations
from the HF limit, i.e., nh=1 and np=0, are greater in SRPA
than in RPA. Since, as mentioned above, the use of QBA is
justified only when the HF state does not differ very much
from the correlated one, the larger deviations found in SRPA
suggest that this approximation could be more severe than in
RPA.

As discussed at end of Sec. II, the SRPA problem can be
reduced to an energy-dependent RPA problem. In this case,

the new RPA Ã matrix is

Ã1,1���� = A1,1�+1,1���� , �39�

where A is the usual RPA matrix, � is the energy-dependent
term

�1,1���� = �
2,2�

A1,2�� + i� − A2,2��
−1A2�,1�, �40�

and the indices 1 and 2 are a short-hand notation for the
1p−1h and 2p−2h configurations, respectively. The energy-
dependent term is connected to the self-energy of the 1p
−1h excitation and it is due to the coupling with the 2p

−2h configurations. It has been shown that its real part gives
a shift of the RPA resonance energies while the imaginary
part takes into account spreading width effects.40–42 Several
SRPA calculations have been done by neglecting the real part
of the particle-hole self-energy �see for example Refs. 15 and
43� and considering only the spreading width. The justifica-
tion of this choice is based on the fact that, when effective
interactions are used, self-energy contributions are already
taken into account in the single-particle energies. Thus, in
order to avoid double counting, the real part of the particle-
hole self-energy is omitted. However, since the real and
imaginary part of the self-energy obey a dispersion
relation,41 a consistent treatment of both contributions should
be necessary. Furthermore, in our calculations the bare Cou-
lomb interaction is used and no double counting occurs. So it
is interesting to study the energy shift due to the real part of
the self-energy in this case. In order to have a quantitative,
though approximate, evaluation of this effect we consider the
self-energy acquired by a RPA phonon as a consequence of
the coupling with the 2p−2h configurations,42

�RPA���� = �
2p2h

����V�2p2h��2

�� − �2p2h + i�
, �41�

where �� is the excitation energy of the RPA phonon ���, V is
the residual interaction, and �2p2h is the unperturbed energy
of the 2p−2h configuration �2p2h�=ap2

† ah2
ap1

† ah1
�HF�. We

have calculated the real part of this quantity for the dipole
plasmon in the Na9

+ case. The � parameter used in the calcu-
lation is 0.2 eV. As above mentioned, the RPA dipole plas-
mon �� is located at 2.98 eV. Since the unperturbed 2p
−2h energies �2p2h are larger than this value, the denomina-
tor in Eq. �41� is always negative and thus the resonance
peak is shifted downward with respect to ��. In the upper
panel of Fig. 6 we plot the absolute value of the real part of
the RPA self-energy as a function of a cutoff energy Ec on
the 2p−2h configurations, i.e., only the 2p−2h configura-
tions with unperturbed energy lower than Ec are considered
in Eq. �41�. We see that increasing the cutoff Ec the energy
shift increases until it reaches a saturation value of about 1.5
eV. We remark that this shift is consistent with the one ob-
tained in the SRPA calculation �see Fig. 1�. In order to have
a deeper insight, we show in the medium panel of Fig. 6 the
absolute value of the real part of the quantities

k��2p2h� =
����V�2p2h��2

�� − �2p2h + i�
, �42�

i.e., the contribution to the self-energy of each 2p−2h con-
figuration identified by its unperturbed energy �2p2h. We see
that, although the largest contributions are given by the lower
2p−2h configurations, also the ones with higher energy con-
tribute and the overall effect is quite large. In order to put in
evidence in a clearer way this fact, we have divided the
unperturbed 2p−2h energy range in bins of 0.5 eV and we
have summed all the terms defined in Eq. �42� lying in each
interval identified by the index I. In the lower panel of Fig. 6,
where we plot the absolute value of the real part of the quan-
tities
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FIG. 5. Occupation numbers np for particle states and the oppo-
site of depletion numbers nh−1 for hole states for Na21

+ metallic
cluster. RPA and SRPA results are reported in the upper and lower
panel, respectively. Only spin S=0 states are included in the calcu-
lations. In the abscissa the single-particle energies in eV are
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K�I� = �
�2p2h�I

k��2p2h� , �43�

we see that the total contributions of high energy configura-
tions, arising from a coherent sum of many small terms,
become comparable with the ones of the lowest energies.
Similar results are obtained in the case of Na21

+ .
Above, we have discussed and analyzed two possible rea-

sons why SRPA strongly modifies RPA results, i.e., effects
due to the QBA and to the self-energy of the particle-hole
excitations. In QBA the uncorrelated HF state, in place of the
correlated one, is used in the calculation of the matrix ele-
ments appearing in the equations of motion. Overcoming
QBA means taking into account ground-state correlations, if
possible in a self-consistent way �see for example Refs. 19,
25, 27, and 44–46 and references therein�. By the above-
shown analysis of the Y amplitudes and of the occupation
numbers, we can conclude that a better treatment of these
correlations should be necessary, going beyond standard
SRPA. In order to evaluate the effect of the inclusion of
ground-state correlations, we have calculated the RPA self-
energy defined in Eq. �41� by using the state15

�0� =
1

M ��HF� + �
p2h2p1h1

Cp2h2p1h1
ap2

† ah2
ap1

† ah1
�HF�� ,

�44�

where the coefficients are evaluated in first order Rayleigh-
Schrödinger perturbation theory, i.e.,

Cp2h2p1h1
=

�HF�Vap2

† ah2
ap1

† ah1
�HF�

�2p2h
, �45�

where �2p2h are the unperturbed energies of the 2p−2h exci-
tations and V is the residual interaction. The results are
shown in the right panels of Fig. 7, where we plot, in the
upper panel, the absolute value of the real part of the RPA
self-energy while in the lower one the quantities defined in
Eq. �43�. For comparison we show in the left panels the
corresponding results when the uncorrelated HF state is used
and that we have discussed in details in Fig. 6. Please note
that, differently from the panel �c� of Fig. 6, a linear ordinate
scale is used in order to have a clearer comparison. By com-
paring the upper panels, we see that when the correlated
ground state �44� is used the real part of the self-energy, and
thus the energy shift, decreases, the effect being of about
30%. The lower panels show that this decreasing is related to
a reduction in the cumulative contributions K. When the HF
state is used, the energy shift is 1.38 eV and the total contri-
bution of the 2p−2h configurations lying below 13 eV is
0.86 eV, while, when ground-state correlations are included,
these values become 0.93 eV and 0.57 eV, respectively. So
both low and high energy contributions are lowered by about
30%.

IV. CONCLUSIONS

In the present paper we have found that within SRPA one
gets very strong modifications of the RPA excitation spec-
trum of metallic clusters, the energy being pushed down.
When the coupling of 2p−2h configurations among them-
selves is included, a further lowering is obtained even for
those collective excitations whose description within RPA is
widely assumed as satisfactory. Among the reasons for such
a behavior, which would completely spoil some nice proper-
ties of RPA, we have discussed two aspects:

�1� the use of QBA in calculating the expectation values
appearing in the equations of motion of SRPA. Although the
same approximation is used in RPA, it seems more severe in
SRPA. As found in Ref. 19 within a Lipkin model, a better
treatment of correlations in the ground state leads to impor-
tant corrections in the energy spectrum.

�2� The 2p−2h configurations included in SRPA introduce
self-energy corrections40–43,47 and their contributions are
quite large when the uncorrelated HF reference state is used
in calculating the A and B matrices.

Very similar results have been obtained by calculating the
real part of the self-energy acquired by the RPA collective
dipole plasmon through its coupling to 2p−2h configura-
tions. In order to estimate how important would be to go
beyond QBA, we have calculated the same quantity by in-
cluding ground-state correlations perturbatively and we have
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found an appreciable reduction in the energy shift.
These results suggest that a better treatment of ground-

state correlations along the path of extended RPA and SRPA
approaches, as done for example in Refs. 19 and 46, is nec-
essary. Work in this direction is in progress.

The SRPA results could also be related to the fact that
short-range correlations are neglected in our description. In
this respect, it should be interesting to test whether the use of
effective interactions, derived from density functional and
including such short-range correlations, can improve SRPA
description. Maybe the very strong shift down of the giant
resonances obtained in Ref. 22 when passing from RPA to
SRPA in 16O and 40Ca nuclei has similar origin if the short-
range correlations included in the bare Argonne V18 poten-
tial with the unitary correlation operator method, up to two-
body terms, are not sufficient.

It is also interesting to analyze how much such strong
modifications with respect to RPA description depend on the
studied system. In this respect, in the near future, we plan to
apply SRPA in nuclear systems by using effective Skyrme-
type interactions.
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